Abstract-Electric fields have been widely used for the treatment of neurological diseases, using techniques such as non-invasive brain stimulation. An electric current controls cell excitability by imposing voltage changes across the cell membrane. At the same time, the presence of the cell itself causes a re-distribution of the local electric field. Computation of the electric field distribution at a single cell microscopic level is essential in understanding the mechanism of electric stimulation. In addition, the impact of the cellular biophysical properties on the field distribution in the vicinity of the cell should also be addressed. In this paper, we have begun by first computing the field distribution around and within a spherical model cell. The electric fields in the three regions differed by several orders of magnitude. The field intensity in the extracellular space was of the same order as that of the externally applied field, while in the membrane, it was calculated to be several thousand times greater than the applied field. In contrast, the field intensity inside the cell was greatly attenuated to approximately 1/133th of the applied field. We then performed a
Abstract-Electric fields have been widely used for the treatment of neurological diseases, using techniques such as non-invasive brain stimulation. An electric current controls cell excitability by imposing voltage changes across the cell membrane. At the same time, the presence of the cell itself causes a re-distribution of the local electric field. Computation of the electric field distribution at a single cell microscopic level is essential in understanding the mechanism of electric stimulation. In addition, the impact of the cellular biophysical properties on the field distribution in the vicinity of the cell should also be addressed. In this paper, we have begun by first computing the field distribution around and within a spherical model cell. The electric fields in the three regions differed by several orders of magnitude. The field intensity in the extracellular space was of the same order as that of the externally applied field, while in the membrane, it was calculated to be several thousand times greater than the applied field. In contrast, the field intensity inside the cell was greatly attenuated to approximately 1/133th of the applied field. We then performed a detailed analysis on the dependency of the local field distribution on both the electrical properties (i.e., conductivity, dielectricity), and the geometrical properties (i.e., size, membrane thickness) of the target cell. Variations of these parameters caused significant changes to the amplitude and direction of the electric field around a single cell. The biophysical mechanisms of such observations and their experimental implications are discussed. These results highlight the significance of considering cellular properties during the electric stimulation of neuronal tissues.
INTRODUCTION
Electric fields have been widely used to treat neurological disorders including Parkinson's disease, essential tremor and dystonia [1] . Recent research has focused on developing non-invasive magnetic and electric stimulation methods to activate/deactivate brain tissue, as it is more attractive in clinical practice and present new application possibilities [2] [3] [4] .
What are the underlying mechanisms that determine the effects of electric stimulation? When neuronal tissue is positioned inside an electric field, the electric field induces a change in the resting transmembrane potential by superimposing an electrically induced potential. During this process, the neural tissue also redistributes the externally applied field, including the field around the cell, inside the cell membrane and in the cytoplasm [5, 6] . This "interaction" between the electric field and the neuronal tissue suggests that both may impact the efficacy of stimulation. Attempts to derive an expression for the transmembrane potential during electric stimulation for a single cell began as early as the 1950s [7, 8] . Later studies added more complexity to the modeled cell and provided insight into the factors affecting the induced transmembrane potential. This included both the electrical [5, [9] [10] [11] [12] and geometrical properties of the cell, such as its shape [13, 14] and orientation to the field [15, 16] . These works stressed the importance of cellular properties in the build-up of the transmembrane potential.
The second aspect of the "cell-field interaction", (i.e., redistribution of the local electric field by the target cell) has only been partially addressed, although several analytical works have attempted to study the field distribution around a single cell. Among these, Farkas et al. [17] provided a partial solution for the transmembrane electric field in a spherical cell model. Jerry et al. [18] solved the electric distribution inside and outside of a cell with a prolate spheroidal shape. Wachner et al. [19] provided an analytical solution to the magnitude of the electric field at several representative points (equatorial site and polar site) on a single cell membrane. These studies have not attempted to provide and compare electric field distributions in all the macroscopic cellular regions in a single model entity, namely the extracellular space, the membrane, and the intracellular cytoplasm. Moreover, the basic modeling setup varies among different models. For example, some models assume that the membrane is non-conductive, while others assume that the membrane is low-conductive. These inconsistencies, among different modeling approaches, also prevent a detailed comparison of local field distributions in all the regions.
At a microscopic cellular level, the electric field around a cell is separated into three major components by the low conductive cell membrane: the field in the extracellular medium (i.e., extracellular field), within the membrane (transmembrane field), and in the cytoplasm (intracellular field). Many important cellular physiological processes are associated with these fields.
In the extracellular space, interneuronal communication via ephaptic interactions has been observed to facilitate synchronized and even epileptic-like neuronal bursting [20] , and epileptogenesis [21] . Computing extracellular electric fields has been a major task in various modeling works studying the electric excitation of nerve tissues [22] [23] [24] . The transmembrane electric field maintains the meta-stable membrane structure [25] , and is essential for the manipulation of the transmembrane potential during electroporation [26] . Finally, the electric field that penetrates into the cytoplasmic space (intracellular field) is likely important in polarizing internal organelles such as mitochondria [14] and in facilitating polynucleotide uptake and migration within the cell [27] . In order to make a direct comparison of electric fields within these three regions, our first goal in this paper is to provide analytical solutions for the electric fields in the extracellular space, within the cell membrane and inside the target cell.
Previous studies have also attempted to understand the importance of cellular properties on the field distributions during electric stimulation. At present, the impact of only two cellular properties, the gross tissue conductivity [28] and the membrane resistance [29, 30] , have been investigated with numerical methods. The impact of other cellular properties, including geometric properties (i.e., cell radius and membrane thickness) and electrical properties (i.e., conductivities of the extracellular medium, and the cytoplasm), are largely unknown. Using the derived analytical solutions for the electric field distributions, the second goal of this paper is to investigate the effects of these cellular properties on the local field distribution around the cell. These results highlight the significance of considering cellular properties during the electric stimulation of neuronal tissues. The experimental implications of such analyses are also discussed.
METHODS
Several assumptions were made in setting up the model and selecting the model parameters. This was done to reduce computational complexity, while still maintaining a given level of biological relevance for the model. As illustrated in Figure 1 , we modeled the cell as a spherical membrane shell (1#) with extracellular medium (0#) and intracellular cytoplasm (2#). The center of the cell was at point O. To simplify calculations, we assumed that each region was homogenous and isotropic with electric conductivities σ 0 , σ 1 , σ 2 . The inner and outer radii of the membrane were R − and R + , respectively. The membrane thickness was d = R + − R − . The cell was exposed to a uniform external field E = E Z, where Z is the unitary vector in the direction of the external field. We derived expressions for the potentials in the extracellular medium, the membrane, and the cytoplasm by solving Laplace's equation ∇ 2 V = 0 with appropriate boundary conditions, because these domains are source-free. The electric field distributions in all regions were calculated as E = −∇V , where V is the potential. Four boundary conditions were considered in solving Laplace's equation. (1) The potential and (2) the normal components of the current density are continuous across the boundary of two different media, i.e., between cytoplasm/membrane interface Figure 1 . The spherical cell model and the spherical coordinate system (r, θ, φ) The cell includes three homogenous, isotropic regions: the extracellular medium, the membrane and the cytoplasm. The externally applied DC electric field is in spherical coordinates (r, θ, φ). The axis of the electric field overlaps with the OZ axis. and membrane/extracellular medium interface; (3) the electric field at an infinite distance from the cell is not perturbed by the presence of that cell; and (4), the potential inside the cell is finite. The intensities of the electric fields in the three regions were studied by choosing a representative point in each region. Point A is on the geometrical pole closest to the cathode electrode and just outside the cell membrane ( Figure 2 (a)). Point B is on the membrane pole ( Figure 4 (a)), point O is at the center of the cell ( Figure 5 (a)). Model parameters were adapted from a previous publication [9] . These include the geometrical and electrical parameters of the cell and their respective standard physiological values, defined by lower and upper limits ( Table 1 ). The intensity of the external field was chosen to be 10000 V/m [30, 31] . This allowed for a maximum of several hundred mV of polarization, as used in typical electroporation experiments.
RESULTS

Electric Field Distribution
A detailed derivation of the expressions for the electric fields in the extracellular space surrounding the cell, inside the membrane, and in the cytoplasm, is shown in the Appendix. Figures (2a) , (4a) and (5a) illustrate these electric field distributions using standard values listed in Table 1 and Equations (A19)-(A27). Due to the symmetry of the solutions to φ, we plotted the electric distribution in a 2D plot that represents the y-z plane. The electric fields in the three regions differed by several orders of magnitude. With the standard values listed in Table 1 , the intensity was 2531.6 V/m in the extracellular space (point A), which was comparable with that of the externally applied field. The maximal field intensity in the membrane was 2.98 × 10 7 V/m (point B), which was several thousand times greater than the applied field. The electric field intensity inside the cell was greatly attenuated to about 1/133th of the applied field, with a value of 74.5 V/m in the center of the cell (point O). The dramatic differences between the membrane field and extra/intra fields are quantitatively in agreement with that suggested previously [19] for these representative points. The intensities of the electric fields in all three regions (extracellular vicinity, membrane, and intracellular space) were linearly proportional to the intensity of the externally applied field (E). However, the sensitivities of the electric fields to the parameters that define the geometrical properties (cell radius R and membrane thickness d) and electrical properties of the cell (σ 0 , σ 1 , σ 2 ) were more complicated, as discussed below.
Sensitivity of the Extracellular Electric Field to the Geometrical and Electrical Parameters of the Cell
Equations (A19)-(A21) suggest that the distribution of the extracellular electrical field close to the cell attenuates as a function of 1/r 3 , where r is the distance between a point in the extracellular space to the center of the cell. This rapid drop-off with distance suggests that although the presence of the cell affects the field distribution [5] , its effect is more pronounced near the cell (Figure (2a) ). We analyzed the electrical field intensity at point A. Between the two geometrical parameters that were considered, the cell radius had a greater impact on the field intensity at this point. Figure 2(b) shows that an increase in cell size was associated with a decrease in the electric field, and this decrease was most obvious when the cell size changes within the range of 1-20 µm. When the cell radius was greater than 20 µm, the field intensity became insensitive to the cell radius. The membrane thickness had a trivial effect on the extracellular electric field intensity (Figure 2(c) ).
Among the three electrical parameters considered in the model, the extracellular conductivity had the largest impact on the field intensity at point A. As shown in Figure 2(d) , an increase in the extracellular medium conductivity (in its lower physiology range, < 10 −2 S/m) lead to a significant decrease in the field intensity. The extracellular field intensity was less sensitive to the extracellular conductivity at its higher physiological range (> 10 −2 S/m). An increase in the extracellular conductivity also had an interesting impact on the direction of the electric field proximal to the outer membrane; the electric field tended to flow along the membrane rather than penetrate through the membrane in a high conductive medium (Figure 3) . Compared with the significant impact of the extracellular conductivity on the field intensity, increases in membrane conductivity (Figure 2(e) ) or cytoplasmic conductivity (Figure 2(f) ) only lead to small (< 5%) increases in the extracellular field intensity.
Sensitivity of the Transmembrane Electric Field to the Geometrical and Electrical Parameters of the Cell
The transmembrane electric field was several orders greater than those inside/outside the cell, as if it had been "magnified". This feature results from extremely low membrane conductivity, and the boundary condition (2), which states that the normal component of the current density is continuous across the membrane/extracellular medium interface. Therefore, during electric stimulation, a large amount of energy will target the membrane system of the biological tissue. As E 1r was several orders greater than E 1θ , the transmembrane electric field was approximately perpendicular to the membrane everywhere inside the membrane (Figure 3(a) ). The transmembrane electric field was maximal at the two poles corresponding to θ = 0 • and θ = 180 • , respectively. On the equator (θ = 90 • ), the electric field was parallel to the membrane surface and nearly zero, since the large magnitude component of E 1r , is zero. Figure 4(b) shows that the transmembrane electrical field was strongly dependent on the cell radius. An increase in cell size caused an approximately linear increase in the transmembrane electrical field. An increase in membrane thickness caused a small decrease in transmembrane field intensity (Figure 4(c) ). An increase in extracellular conductivity caused a small, but noticeable increase in the transmembrane electrical field, especially at lower physiological values (Figure 4(d) ). An increase in membrane conductivity caused a trivial decrease in transmembrane electrical field intensity (Figure 4(e) ), which is in agreement with a previous study [30] using a numerical approach. Finally, increases in cytoplasmic conductivity caused trivial increases in transmembrane electrical field intensity (Figure 4(f) ) in the parameter range considered.
Sensitivity of the Intracellular Electric Field to the Geometrical and Electrical Parameters of the Cell
The intracellular electric field was several orders smaller than that of the extracellular medium. When the membrane was considered non-conductive, the electric field inside the cell was nullified by induced charges at the surface of the cytoplasm. The intracellular electric field maintained the same direction as the external field everywhere inside the cell ( Figure 5(a) ). While a larger cell size was associated with a greater intracellular field intensity ( Figure 5(b) ), an increase in membrane thickness caused a decrease in field intensity ( Figure 5(c) ). The intracellular electric field intensity was most sensitive to the extracellular conductivity at lower physiological values (< 10 −2 S/m). An increase in extracellular conductivity within this range slightly increased the intracellular electrical field intensity. At high physiological values (> 10 −2 S/m), the intracellular electrical field intensity was less sensitive to the change in extracellular conductivity. An increase in membrane conductivity enhanced the electric field intensity in the intracellular space ( Figure 5(e) ), and this enhancement was most obvious when the extracellular conductivity was at higher physiological values (> 10 −7 S/m). This result is in accordance with the idea that a more conductive membrane allows fields to penetrate into the cell. Finally, an increase in cytoplasmic conductivity caused a decay in the intracellular field intensity ( Figure 5(f) ).
DISCUSSION
The objective of this study was to investigate how cellular properties influence the electrical field distribution around a single model cell, under DC electric stimulation. Here, we have provided the first full analytical expressions of the field distributions around the cell. Furthermore, we have provided a complete analysis of the electrical and geometrical cellular parameters of this traditional spherical cell model, and their impact on the electric field distributions inside and outside the cell and within the membrane.
Electric Field Distribution around a Single Cell
In agreement with previous works [5, 6] , this study demonstrates that the presence of the cell leads to a redistribution of the local field around the cell. An electric field perturbed by one cell could have a secondary effect on neighboring cells. Simulation work has demonstrated that if two cells are located close to each other, they interact and alter each other's patterns and amounts of polarization, through perturbation of the extracellular electrical field [32, 33] . Experimental work has also provided supportive evidence for such conclusions. Using imaging techniques, it has been observed that large clusters of cells demonstrated complex polarization behaviors [34] during electric field stimulation, a consequence of a secondary effect due to field distortion by neighboring cells. Although an analytical solution for such "cell-cell interaction" is not yet available, our analysis suggests two important aspects of such an interaction. First, it may only exist in a highdensity cell medium, since the perturbation of the extracellular electric field attenuates as a function of 1/r 3 (Figure 2(a) ), which is a very fast decay. Second, it may depend on the electrical and geometrical properties of the cells, as studied in this paper. Therefore, the effects of cellular properties should be considered when studying cell-cell interactions between neighboring cells during electric field stimulation.
We have provided an expression for the transmembrane electric field (A25) in this paper. A previous study [17] provided a solution that is similar to equation (A25), which the authors named "intramembrane field intensity". Unlike us, the authors did not consider the E 1θ and E 1φ components in their solution. In this work, we confirmed that both the E 1θ and E 1φ components could be ignored only if one assumes that the cell membrane is non-conductive. Therefore, (A25) is a more complete expression for the electric field inside the membrane for the spherical cell model. Several studies have shown that the field that penetrates into the cell is greatly attenuated due to the extremely low membrane conductivity [5, 18] . Equations (A28)-(A30) in this work confirm such observations. It has also been shown that the intracellular field is uniform across the intracellular space [18] . This work provides the mathematical basis for such homogeneity of the intracellular field distribution. In Equations (A28)-(A30), E 2r contains the cos θ term and E 2θ contains the sin θ term. These terms were canceled out when computing the total electric field, and the overall intracellular electric field became independent of θ.
Implication of Cellular Properties on Electric Stimulation
During electric stimulation, electrical charges accumulate on the two interfaces that define the inner and outer sides of the cell membrane (i.e., the extracellular medium/outer membrane interface and the inner membrane/cytoplasm interface). This ensures the non-zero solution of the transmembrane potential and electric field. Therefore, field redistribution is an intrinsic feature to any tissue with non-homogenous properties.
This work shows that electric fields are highly dependent on cellular properties, suggesting that aside from changing the field, modifying these properties may alter the effects of electric stimulation [35] . It has been suggested [36] that the anisotropic nature of the tissue surrounding the stimulated nucleus might affect the shape of the electric field and in turn neural polarization. A recent work [30] studied the intracellular electric field under uniform electric field stimulation using numerical analysis. The authors focused on the impact of the membrane resistance over a wide range of values, on the intracellular field, and found that the intracellular field increased greatly as membrane resistance decreased. Using the analytical solutions derived here, our model confirms this observation, as the intracellular electric field was 1.5 V/m with a low conductive membrane, compared to 176.99 V/m with a high conductive membrane. We further present evidence that the intracellular electric field is dependent on intra-and extracellular conductivities, as well as the cell radius and membrane thickness. As all these parameters are interrelated, their individual impact on the intracellular electric field may be strengthened or weakened by the changes in other parameters. Therefore, the electric field that can penetrate through the membrane is affected by cellular properties in a complex manner.
This model shows that the size of the cell affects the magnitude of the electric field around the cell. During the electric stimulation of neuronal tissues, the cell radius is a major factor that affects the stimulation threshold. For example, during deep brain stimulation, the relative magnitude of the effects of electric stimulation within different brain regions depends on axon fiber size [37] . In electroporation, larger cells require lower external fields to create permeable cell membranes [38] . Since a larger cell is associated with a smaller extracellular electric field (Figure 2(b) ), this implies that successful electroporation does not necessarily require a large local field around the cell. The build-up of the transmembrane potential and the associated change in membrane permeability should serve as better indicators for the effects of electroporation [38] .
The fact that the electric field distribution is distorted on the interface of two non-homogenous materials (including biological tissue and other physical medium) has experimental implications. Currently, many researchers use invasive methods (patch and voltage clamps, microelectrodes) to measure electric field distributions during electric stimulation. The presence of these electrodes themselves may further perturb the applied field in the tissue. As such, to accurately quantify field distributions and transmembrane potential changes during electric stimulation, other less invasive methods should be considered. For example, voltage sensitive dyes that provide both high temporal and spatial resolutions have been successfully used to measure potential changes [5, 34, 39] .
Future Directions
To simplify computations, several assumptions have been made to formulate the present model, which should be addressed in future studies. First, the cell is represented as a spherical shell, and this oversimplification may be biologically simple, considering that the membrane polarization induced by an applied field is dependent on the complex geometrical structure of the membrane [40] . Future work should consider multi-compartment modeling or finite element meshes [22, 23, 32] to model this geometrical complexity. Second, both the extracellular medium and cytoplasmic environment are not truly homogenous [41, 42] . Our model results suggest that varying both the intracellular and extracellular conductivities can change the electric field distribution, suggesting that if more biologically authentic electric properties of the tissue were involved in the model, the resulting electric field could be disturbed in a more complicated pattern than those shown in Figure 3 . Finally, the model does not consider multiple cells close to one another, perturbing one another's fields. Nevertheless, none of these model assumptions will falsify the conclusions made in this paper. In fact, more detailed analysis on cellular non-homogeneity can only further clarify the impact of each aspect of the cell properties on electric field stimulation. 
where P m n (cos θ) is the associated Legendre function (n = 0 . . . ∞, m = 0 . . . n). Since azimuthal symmetry is present for V , m = 0. Therefore, the solutions in the three different cell regions ( Figure 1 ) are:
where a n , b n , c n , d n , e n , f n are undetermined coefficients (n = 0, 1, 2). V is continuous and bounded in all the considered regions and P n (cos θ) is the Legendre polynomial.
At an infinite distance, according to boundary condition (3), V 0 = −Er cos θ = −ErP 1 (cos θ). Therefore, a 1 = −E and a n = 0 (n = 1). f n = 0 since the potential inside the cell is finite (boundary condition 4). On the outer surface of the shell where r = R + , V 0 = V 1 (boundary condition 1) and S 0
∂r (boundary condition 2). Therefore,
Since P n (cos θ) are a complete set of orthogonal functions, the coefficients on both sides of (A5) and (A6) are equal. Therefore,
Similarly, on the inner surface of the shell where r = R − , V 1 = V 2 (boundary condition 1) and S 1
Solving Equations (A7) to (A14) yields We further calculated the electric field distribution in the extracellular space, in the membrane, and in the cytoplasm, using
The expression derived for the electric field around the cell, in the extracellular medium (0#) was: It is easy to validate Equations (A28) to (A30) by letting σ 0 = σ 1 = σ 2 , the situation where there is no cell present in the external field. This yields E 2r = E cos θ and E 2θ = −E sin θ, respectively, which essentially is the unperturbed, externally applied, electric field.
